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Hajnal and Juhász proved that under CH there is a hereditarily separable, hereditarily
normal topological group without non-trivial convergent sequences that is countably
compact and not Lindelöf. The example constructed is a topological subgroup H ⊆ 2ω1
that is an HFD with the following property
(P) the projection of H onto every partial product 2I for I ∈ [ω1]ω is onto.
Any such group has the necessary properties. We prove that if κ is a cardinal of
uncountable coﬁnality, then in the model obtained by forcing over a model of CH with the
measure algebra on 2κ , there is an HFD topological group in 2ω1 which has property (P).
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1. Introduction
Hajnal and Juhász, in [4], proved that under CH there is a hereditarily separable, hereditarily normal topological group
H ⊆ 2ω1 without non-trivial convergent sequences that is countably compact and not Lindelöf. The example constructed
had two key properties. Firstly it was hereditarily ﬁnally dense (HFD) subset of 2ω1 , meaning that for any countable subset
G ⊆ H there is a β < ω1 such that the projection of G onto 2(β,ω1) is dense in 2(β,ω1) . Secondly the example satisﬁed the
following property
(P) the projection of H onto every partial product 2I for I ∈ [ω1]ω is onto.
Any HFD group with property (P) satisﬁes the properties stated above [4]. Other HFD groups have been used in the construc-
tion of counterexamples of countably compact groups without non-trivial convergent sequences with some other properties
using models in which CH or MA holds (Tkachenko [7] and Dikranjan and Tkachenko [1]).
Using a different technique, E.K. van Douwen [2] constructed a countably compact group without non-trivial convergent
sequence using MA. Koszmider, Tomita and Watson [5] obtained such an example from MA for countable posets. Recently
Garcia-Ferreira, Tomita and Watson [3] improved the technique to construct such groups from a single selective ultraﬁlter.
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without non-trivial convergent sequences imply the existence of selective ultraﬁlters.
In this note we construct an HFD group satisfying (P) in the Solovay model. If one starts with a model of CH and adds
at least ℵ2 random reals the resulting Solovay model has no selective ultraﬁlters. Thus this example shows that selective
ultraﬁlters are not necessary for the construction of a countably compact group without non-trivial convergent sequences.
It is also possible to construct topological groups in 2ω1 showing that the properties HFD + (P) do not decide the
countable compactness of its powers [6]: Assuming CH, for every n ∈ N there exists an HFD group satisfying (P) such that
its nth power is countably compact but its (n + 1)st power is not; also assuming CH there is an HFD group satisfying (P)
that is countably compact in all its powers.
2. An HFD group in the Solovay model
Let PI denote the measure algebra on 2I where we use the standard product measure μ. Any basic clopen set in 2I is
of the form [s] = { f ∈ 2I : s ⊆ f } where s ∈ Fn(I,2), so if [s] is any basic clopen set then μ([s]) = 2−|s| .
We will force with Pκ×ω1 . So let G be a V -generic subset of Pκ×ω1 and working in V [G] we deﬁne our group H as
follows. Let N be the set of functions f where f :α → 2 for some α < ω1. Since ωω1 = κ in V [G], we can enumerate N as{ fα: α < κ} such that each f appears κ many times in the enumeration.
For each α ∈ κ , let gα :ω1 → 2 be deﬁned by
gα(β) =
{
fα(β), if β ∈ dom( fα),
G(α,β), otherwise.
Then we will let H = 〈gα: α < c〉. I.e., H is the group formed by taking all ﬁnite sums of gα ’s. Since for each α < ω1
every f ∈ 2α is enumerated, it follows that the projection of H onto 2I is onto for any countable I . Hence H satisﬁes (P ).
Now, let us work in the ground model V . Abusing notation, let us use H to denote the name for the group in the generic
extension, and denote by gα and fα names for the corresponding functions in the extension.
Now we need to verify that H is forced to be an HFD. So, suppose that C is a Pκ×ω1 -name for a countable subset of H ,
and suppose that  C = {hn: n ∈ ω}. We need to ﬁnd β ∈ ω1 such that the set {h  (ω1 \ β): h ∈ C} is forced to be a dense
set in 2ω1\β . Since every element of H can be written as a sum of ﬁnitely many gα ’s, we may ﬁx names kh for ﬁnite subsets
of κ such that
 h(i) =
∑
α∈kh
gα(i) for every i ∈ ω1 and for each h ∈ C .
Let K = {kh: h ∈ C}. Since K is countable, Pκ×ω1 is ccc, and the measure algebra is Baire supported, we may ﬁx a countable
set I ⊆ κ and a β ∈ ω1 such that
(1) K ∈ V P I×β ,
(2) 
⋃
K ⊆ I , and
(3)  dom fα ⊆ β for every α ∈ I .
This latter requirement on β insures that if h ∈ C and if i ∈ ω1 \ β then
 h(i) =
∑
α∈kh
Γ (α, i)
where Γ is the name for the generic subset of Pκ×ω1 . So, to complete the proof that H is forced to be an HFD, we need to
show:
Proposition 1. For any ﬁnite partial function σ from dom(σ ) ⊆ ω1 \ β into 2, Pκ×ω1 forces that there is a k ∈ K such that for each
i ∈ dom(σ )∑{
Γ (α, i): α ∈ k}= σ(i).
Proof. Let J = κ × ω1 \ I × β . Since Pκ×ω1 = PI×β ∗ P J we work in V PI×β and force with P J (abusing notation again this
denotes random real forcing in the extension V [G  (I × β)]).
We need some notation and a couple of lemmas: For k ∈ [I]<ω and σ ∈ Fn(ω1 \ β,2) let
Gk,σ =
{
f ∈ 2 J :
∑
α∈k
f (α, i) = σ(i) for all i ∈ dom(σ )
}
.
The important thing to notice is that Gk,σ is a clopen subset of 2 J hence is in P J . Moreover, for each i ∈ dom(σ )
Gk,σ 
∑
Γ (α, i) = σ(i).α∈k
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family B of basic clopen sets, and by the support of a clopen set U we mean the union of the supports of the basic clopen
sets [s] ∈ B. Note that the support of U depends on the representation B. So, since we wish this notion to be well deﬁned,
we deﬁne the support of U to be the minimum of the supports of all possible representations of U as a union of basic
clopen sets. For example, the support of Gk,σ = k × dom(σ ).
We let μ denote the product measure on 2 J . Note that if two clopen sets U and V have disjoint supports, then
μ(U ∩ V ) = μ(U ) · μ(V ).
Lemma 2. For every k ∈ [κ]<ℵ0 and every σ ∈ Fn(ω1 \ β,2), μ(Gk,σ ) = 2−|σ | .
Proof. For any σ 
= σ ′ with the same domain D , we have that μ(Gk,σ ) = μ(Gk,σ ′ ). Also Gk,σ ∩ Gk,σ ′ = ∅ and
2 J =⋃{Gk,σ ′ : dom(σ ′) = dom(σ )}. Since there are 2|σ | such functions, it follows that μ(Gk,σ ) = 2−|σ | . 
Lemma 3. If k1 
= k2 and k1,k2 ∈ [κ]<ℵ0 and σ ∈ Fn(ω1 \ β,2) then
μ(Gk1,σ ∩ Gk2,σ ) =
(
2−|σ |
)2
.
Proof. Note that if k1 ∩ k2 = ∅, the lemma follows easily since the supports of Gk1,σ and Gk2,σ are disjoint. More generally,
suppose that k1 \ k2 
= ∅. Let S be the set of s ∈ 2k2×dom(σ ) such that∑
α∈k2
s(α, i) = σ(i)
for all i ∈ dom(σ ). Note that Gk2,σ is the disjoint union of clopen sets [s] for s ∈ S . For each s ∈ S , deﬁne σs as follows:
For i ∈ dom(σ ) let
σs(i) = σ(i) +
∑
α∈k1∩k2
s(α, i).
It follows that for each s ∈ S ,
Gk1,σ ∩ [s] = Gk1\k2,σs ∩ [s].
Since the two clopen sets on the right side of the equality have disjoint supports, it follows that
μ
(
Gk1,σ ∩ [s]
)= μ(Gk1\k2,σs ) · μ([s])= 2−|σ | · μ([s]).
And since Gk2,σ is a disjoint union of the clopen sets [s] for s ∈ S , it follows that
μ(Gk1,σ ∩ Gk2,σ ) =
∑
s∈S
2−|σ | · μ([s])= 2−|σ | ·
(∑
s∈S
μ
([s])
)
= (2−|σ |)2. 
This proof also shows the following more general lemma:
Lemma 4. Suppose that k1,k2, . . . ,kn ∈ [κ]<ℵ0 and σ ∈ Fn(ω1 \ β,2). Suppose also that kn \⋃{ki: i < n} 
= ∅. Then
μ
(
Gkn,σ ∩
(⋃
i<n
Gki ,σ
))
= (2−|σ |) · μ
(⋃
i<n
Gki ,σ
)
.
Proof. This is essentially the same as the previous proof but a few more details are needed to write
⋃
i<n Gki ,σ as a union
of clopen sets [s] in such a way that μ(Gkn,σ ∩ [s]) = 2−|σ | · μ([s]). This follows from the following general lemma about
clopen subsets of a Cantor cube:
Lemma5. Any clopen set in 2λ with support A can bewritten as a disjoint union of a ﬁnite family B of clopen sets such that dom(s) = A
for all [s] ∈ B.
Proof. For any basic clopen [s] and any ﬁnite set A ⊃ dom(s), [s] is the union of the family {[t]: t ∈ 2A and
t  dom(s) = s}. 
Now we are ready to prove the proposition: Fix p ∈ P J . We need to ﬁnd q p and a k ∈ K such that for all i ∈ dom(σ )
q 
∑
Γ (α, i) = σ(i).α∈k
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To do this, ﬁrst ﬁnd {k1,k2, . . .} ⊆ K such that kn \⋃i<n ki 
= ∅ for every n. This can be done since K is an inﬁnite family
of ﬁnite sets.
Then, for each i we have that μ(Gki ,σ ) = 2−|σ | = 	 . And by the last lemma we have that for every n
μ
(
Gkn,σ ∩
⋃
i<n
Gki ,σ
)
= 	 · μ
(⋃
i<n
Gki ,σ
)
.
Claim 6. μ(
⋃
in Gki ,σ ) = 	 + (1− 	) · μ(
⋃
i<n Gki ,σ ) for each n.
Proof. First note that
μ
(⋃
in
Gki ,σ
)
= μ
(⋃
i<n
Gki ,σ
)
+ μ(Gkn,σ ) − μ
(⋃
i<n
Gki ,σ ∩ Gkn,σ
)
.
So, by the previous observation we have
μ
(⋃
in
Gki ,σ
)
= μ
(⋃
i<n
Gki ,σ
)
+ 	 − 	μ
(⋃
i<n
Gki ,σ
)
. 
Now, suppose that A = μ(⋃n<ω Gkn,σ ). By the claim we have that A = 	 + (1 − 	)A. So it follows that A = 1 as re-
quired. 
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